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By THOMAS L. COLE,MAN, I-IARRY PRESS, fill(] _[AY T. MnADOWS

SUMMARY

Power spectral methods of a_mlysi.q are applied

to flight te._'t measurement,s _ the strai_ responses
of a large swept-wi_g bomber airplane in rough

air in order to determine the effects, of airplane

structural dynamics o_ the strain responses. P, wer

spectra and Jrequency-response .functiows of the

strain responses are determi_ed and compared with

the estimated results for a quasi-static reference

airplane co_Mition. Tt_e results obtab_ed indicate

that the betiding and shear strain re,_pon,_es are

significantly amplified in rough air because (._ the
effect of structural dynamic._' by an amount that

caries from 10 to 20 peree_d at the root to about 100

perce_d at the midspan .station. The amplifcatlol_s

appear to be larger,for the Irish-altitude test.s than

,for the low-altitude tests. The amplifications qf
strains appear to be predomina_dly associated with

the excitation of the fir,st wing-bending mode,

aIthougl_, at the outboard ,station._ and particularly

for the _'hcar strains significa_d effects also are

introduced by high-frequency structural modes.

The determination of airplane frequeney-re._ponse

fu_etiot_s .for response._ to atmo._pheric turbulence
from measurement.¢ in. continuous rough air invoh'es

a relatively new application qf random-process

techniques. The re,_ults obtaiJ_cd appear to be

subject to errors from a wide _umbcr qf sources

which give rise to distort_ions and sampling errors.

A general al_alysis of the reliability of suchfrequeney-

response fu_tction estimates is presented and method.s
(_ esthnatb_g the distortions and sampling errors

x Supersedes NACA Technical Note 4291 by Thomas L. Coleman, lIarry

are developed. These methods are applied to the

data _n order to establish the reliability of the prese_d
re._ults. The result,_, iiMicate that with due preeau-

tioli reliable estimate.s qffreq_e_wy-response Jalwtions
can be obtained.

INTRODUCTION

The effects of airplane flexibility on the airplane

loads and structurM strains due to rough air

are of major concern in the desig'n of many

modern airplanes. This subject has been under

conlinual study during at least the past decade,
and many useful results have been obtained both

in experimental and analytical studies. For the

case of large unswept-wing airl)lanes in subsonic

flighl, experimental studies (rcfs. 1 to 3) have

il|dicatcd that the effects of flexibility Col|hl give
rise to substantial amplifications in the stl'ains in

rough air. In a(lditio., analytic studies based
on power spectral techniques incorporating rela-

lively simple aeroclastic amllysis involving one

or two symmetrical wing-1)ending modes have

yiehh,d good correlation with the flight-test
results. (See refs. 4 and 5.)

With the increase of speeds into the high
subsonic and supersonic regions and the associated

introduction of new plan forms, part.icularly

swept, wings, the problems of aeroelastic response

become both more importallt and more complex.

For these airplanes, static aeroelastic deformations

give rise to significant_ changes i n the airl)lane

_terodynamics and stability. In addition, the,

Press, and May T. Meadows, 1958.



2 TECHNICAL REPORT R-70---NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

dynamic aeroelastic behavior may be expected

to involve significant aerodynamic twist due to
bending.

As a part. of the investigation of tile aeroelastic

behavior of swet)t wings in rough air, a flight
investigation involving a large flexible swept-wing

airplane was recemly undertaken. The initid

results obtained on the overM1 effects of wing

flexibility on the strains as measured by the root-

mean-square strain vahws and counts of pe'_k

strains have been presented in references 6 and 7.

In addition, a few initial experimentMly deter-

mined frequency-response functions for the

wing-bending strain responses are given in
reference 8. The present, paper extends the

results of references 6 to 8 and presents a more

comprehensive treatment of the flight-test results

in regard to the effects of aeroelasticity on the

structural strains in rough air.

One of the objectives of the present analysis is
lit(, evahmtion of the effects of airp/a)w flexibility

on the wi_)g strain responses to verti(.al gusts.

For this purpose, power spectra of the measured

strain responses at various spanwise stations are

de(ernlined and compared with the estimated

strain power spectra for a quasi-statie reference

airplane condition. Itowever, the measured power

spectra appear to be subject to errors arising
from the effects of extraneous "noises" such as

strain responses due to side gusts and the effects

of reading errors. Ttwrefore, the test measure-
meats were also used in order to determine the

frequency-response functions for the strain re-

sponses to vertieal gusts. These frequency-
response functions are also compared with the

strain frequency-response functions for a quasi-
static reference condition in order to establish the

effects of the dynamic flexibility on the strains in

a more reliabh, manner. The frequency-response

functions appear to be less sensitive to the effects

of noise, to describe the response characteristics

of the airplane independently of the gust inpul,

and also to have a number of other applications;

they may be directly compared with the results

of analytic calculations and thus serve as a guide

to the r(,liability of such calcuhttions; and they

may be used for eomlmting responses to arbitrary

gust inputs of a specified or random nature.

A second objective of the present paper is to

present a general analysis of the reliability of

power spectra and frequency-response estimates

obtained by rand<)m-proeess techniques, par-
tieularly as these are affected by noises. Tlwse

results have general application to gust response

problems as well as other aeronautical problems.

They are also specificully applied to the interpreta-

tion of the results obtained in the analysis of the
present test data.

The present paper is presented in two parts. In

the first part random-process tce]miques arc

applied to the flight-test data in order to determine

the various power spectra and frequency-response

functions. The second part is devoted to the

reliability of the techniques and presents a general

analysis of t]te effects of various lypes of noises on

t,he measured power spectra and tlw frcquen('y-
response functions. The results oblained are

applied t3 the flight-test data to assess the re-

liability of the power spectra and tlte frequency-

response fum.tions obtained.

SYMBOLS

a_ normal acceleration, g units or

ft/sec _

b airplane span, ft,

c( ) co-power spectrum
? mean aerodynamic chord

Ex percent sampling error in ampli-
tude of frequency-response func-
tion

E2 sampling error in I)hase of fre-

quency-response function

EI bending stiffness

f frequency, eps
F(_) frequency-response function of

prewhitening operation

g acceleration due to gravity
OJ torsional stiffness

H( ) frequency-response function
II,( ) estimate of frequency-response

function obtained 1)y cross-spee-
ti'urn, nlethod

l[_( ) estimate of frequency-response

function el)rained by spectrum
method

h, i, k, m, "_ indices
_, p, q J
l distance fl'om center of gravity of

airplane to angle-of-attack vane,
ft

L scale of turbulence, ft

i 'i
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,, (t)
q(,.,,)
R/,-)
/7=(r)

R[ 1

t
T

At

V

w(t, y)

X

Z

O/v

number of lags used in calculations
for auto- or cross-correlation e

function _o

number of observations in sample
of time series

noise signal _,,= 32.2 E0--

quadrat m'e speet rum 0
a u to-eorrelat ion function O

cross-eorrela! ion function ¢

designates sum of lagged products
used to estimate auto- or cross- q',

corvelat ion function _+_

designates real part of term in o-
brackets o-,

time, see r

specified time, sec a_
t|me increment between successive Subscript s :

readings of time history, see c
airspeed, ft/sec

:firphme vertical velocity, R/see s

w,rtieal gust velocity, ft/sec 0

gust velocity field experienced by F
airphme as a function of time R

and airplane span position

at'bit rary input disturbance
arbitrary response

vane-indicated angle of attack,
radians

coherency funei ion

span at lenuat ion factors

traee deflection

strain indication, in./in.

strain indication per g as measured

in slow pulM_ps

piteh angh', radians
pitch w'lovity, radians/see

phase angle by which response

lags inpu! disturbance

power spectral density function

cross-spectrum density function

root-me'm-square deviation

root-mean-square r'eading error

lime lag, see

frequency, radians/see

eah'ulated by cross-spectrum
method

calculated by spect rum method
initial value at lhne 0

front spar

rear spar

A bar over a symbol denotes a mean value.

Prewhitened data arc indicated by ^ over a s3maboI.

The complex conjugate is in(/teated by an aste,'isk

and a quantity contanfinated by noise is indi('at ed

by a primed symbol. The absolute wdue of a

eoml)lex quantity is indicated by ]!.

I. DETERMINATION OF FREQUENCY-RESPONSE FUNCTIONS FOR STRAIN "

RESPONSE TO VERTICAL GUSTS

AIRPLANE, INSTRUMENTATION, AND TESTS

The airphme used in the investigation was a

B-47A six-engine jet t)oml)er. For the present

tests, an airspeed measuring boom, a fairing on
the fuselage nose, and an external canopy mounted

atop the fuselage to house an optig,'aph were

added to the airphme. A l)hotograph of the

airplane is shown in figure 1, and a three-view

drawing of the airplane is given in figure 2. The

instrumentation pertinent to this report is shown

in figure 2. The locations of the strain gages are
indicated in inches from the airplane center line

as moasm'ed perpendicular to the airstream.

Some of the airphme characteristics pertinent to

the present investigation are given in table I.

The estimated wing and fuselage weight dist,'i-

buttons applicable to the tests art, shown iH figure

3. All the fuel load is carried in three main and

two auxiliary tanks located within the fuselage.
The estimated spanwise tmMonal and bending

stiffness distributions arc given in figure 4.
The instrumentation included an NACA air-

damped recording accelerometer mounted near

tlw center of gravity to measure normal accelera-

tion. Electrical wire-resistance strain gages were
installed on the front and rear spars at five

spanwise locations (fig. 2) in order to obtain a

measure of the local wing shear and bending

strains. The strain gages were not calibrated

qgainst known loads, and the strain-gage outln,ts

are used herein only as local strain indications.

The strain-gage outputs were recorded on multi-

channel oscillographs. A standard NACA pitch-

attitude recorder and a magnetically damped
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FIt_URE T. Photogral>h of test airplane.

_[ Strain-gage

/_/ station

I _ I 0 Center-of-gravity

I
_, 116' al 0" dihedral

o
__2_ r,,_/L _L

118.5' --I

FIaURE 2.- -Three-view drawing of lest airphme.

XACA turnmeter were illshilled near the center

of gravity in order to record the pitch angle and

pitching velocity, respectively. A mass-bal.meed
metal flow wine was mounted on the nose boom

to measure the lmgle of attack of the airplane fur
use in determining the gust velocities.

Additional instrumentation inehlded a standard

XACA airspeed-altitude recorder, a stagnation

temperature recorder, and a siatoseope. The

shttoscope, which is a sensitive pressure altimeter,
was use<l, as will be discussed later, to check the

vertical velocity of the airpl,me obtained by
integq'aling the aeeeh'ration record. Conlrof

position recorders were u._ed Iv measure the

aileron, rudder, an(| elevator displa(.emenis. The

control-position records were used Io monitor the

flight records in order to insure t|ial control

movements 1)3- the pilot dhl nol signifieanlly

aft(!('{ tile flig|ll nleasuremonls during the lest

llights in rough air. A 16-mil]inleter motion-

picture camera was used Iv photogrnph tile fuel

gages at 2-second intervals, and these recordings
were used in determining the weight uP the airpl,me

during the flight tests. A 0.l-second c]n'onometric
timer was used to synchronize all the records.

The natural frequencies, damping, sensitivities,
and lilin speeds of tim various instrumenls and

recor<lers are given in table II.

The data were obtained during h'vel flight in

clear air turbuh, nee at two altilu(h,s (approxi-

mately 5,000 feet and 35,000 feet). The length

of t|ie record salnples, tile Ma('h nunlber, weight,

and cenier-of-gravil 3" posilion for lhe two toM,

rlinS are summarized in the following hil)le:

Longlh of
Altiiud,;, record

fi, sample,
nllll

5, 000 4. 0
35, 000 1.5

.Math _IVeighl,
ntllil|)Or lb

• . : 113, 000
• 61 ' 112,000

Cenl(,r-of-

gr<ivily
posil ion,
1;ereent F

20. 0
20. 3

The test weights are low weight conditions for

the airplane an,l do not represent as severe a

gust load condition as a heavier weight. The

piloting techniques used involved slow control

movements to correct Per nIajor (]eviations from

the prescribed altitude :Ill(| heading; minor devia-

lions were not corrected for by the pilot. This

eoliti'ol procedure approximates an elevator-fixed
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TABLE I.--PERTINENT PIIYSICAL CIIARACTERISTICS AND DIMENSIONS OF TEST AIRPLANE

Total wing area, sq ft ............................................................. 1,428

Wing span, ft ......................................................... 116

Wing aspeet ratio ............................................................ 9. 43

Wing thickness ratio, percent .................................................... 12

Wing t-tper ratio ................................................................... 0. 42

Wing mean aerodynamie chord, in .......................................... 155. 9
35

Wing sweepbaek (25-pereent-ehord line), deg ................................

Total horizontal-tail area, sq ft ........................................... 268

|Iorizontal-tail span, ft ................................................... 33

Horizontal-tail mean aerodynamic chord, in .................................. 102. 9

Ilorizontal-tail sweel)baek (25-percent-chord line), deg ............................... 35

Airplane weight:
For tests at 5,000 feet, lb ................................................. lla, 000

For tests at 35,000 feel, lb .............................................................. 112, 000

50

40 -
d

-- 30
J_

8 2o

IO

o

Inboard nacelle, 7,566 Ib

I
I,

IOO 200 500 400

Outboard nacelle, 3,251 Ib

T
I

500 600 700 800 900
Eloslic-axis station, in.

(a) Wing.

FIGVRE 3.--Airplane wing and fuselage weight distribu-

tions.

, / /
IY t l% \\

0 IO0 200 :300 400 500 600 700 800 900

Elastic-axis station_ in,

F[C, URE ,|.--Bending "rod torsional stiffness distributions

of wing.

condition inasmuch as the powe,'-boost control

system used on the test airplane causes the
control surfaces to be essentially fixed except for

pilot-controlled inputs.

7,O00

__ 6, )OC

"_ 5,000
o

4,000
ca

_ 5,000

8 2,ooo

E 1,000

"5 0
la-

la3

-I ,000

-z,ooc

Main tank
10,700 Ib Center tank Rear tank

10,500 Ib 9,900 Ib

_-__ regkrwe_hmlen, _lati(_n) A!_
200 400 600 800 I,O00 1,200

Fuselage Motion, in.

(b) Fuselage.

FIC, I:RE 3.--Concluded.

METHODS OF DETERMINING FREQUENCY-

RESPONSE FUNCTIONS

One of the basic aims in the present analysis
of the data was to derive estimates of the airphme

strain response characteristics in rough air as

defined by the frequency-response functions. Two
methods are known for the determin,dion of the

airplane frequency-response functions from meas-
urements of the responses to random and contin-
uous disturt)ances. These two me/hods will be

referred to as the spectrum and the cross-spectrum

methods. In the present invesdgntion, both

methods are used. The speeh'um and cross-

spectrum methods are briefly outlined and the
main features of each method are indi('ated in

the following paragraphs.
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The spectrum method for the determination of

frequency-response functions is based upon the

relation between tile power spectrum of the

response 4_,(co) of a linear system and of tile dis-

turbance %(o_). (See ref. 9.) From this relation,

the amplitude squared of tilt, frequency-response

faro'lion is given by

lit, (_)_ _(_') 0)
' -%(09

amplit ude squared of frequency-response
function deterntined t)y speetrunl
method

ep,(o0) power spectrum of airphme response

4%(@ power speetruln of disturbance or gust

input

The application of this method simply requires
the deternaination of tile power spectrum of the

response _(w) and the power spectrum of the

gust inl)ut %(_o). One obvious limitation of
the spectrum method is that no information on

the phase relationship between the inl)ut and

output responses is obtained. Phase information

is frequently required in st udies involving mulliple

disturbanees and is also required for tile deter-

mination of responses to arbitrary disturl)anees.

The cross-spectrum method is based upon the

relationship for linear systems between the power

spectrunl %(w) of a random input disturllanee and
the cross-spectrum %,(_o) between the input dis-

turhance and the systcIn response to the disturb-

ante (ref. 9). From this relationship, the fre-

quency-response funetion is given lly the following

expression :

(2)

where

%,(_)

IL(,o)

cross spectrum between disturbance input

and airplane response

frequency-response function determined

by cross-spect rum method

Both the amplitude and the phase of the fre-

quency-response function l[_(oa) are obtained since

%, is, in general, complex.

The spectrum and cross-spectrum methods

should yieId identical results for the amplitudes

of the frequency-response functions if very long

period measurements are available and no ex-

traneous noises are present in the measurements.
547126--60--2

In most practical appliel/tions, the availahle
measurements will be limited and significant noise

sources will be present. These two factors can

seriously affect the reliability of the results ob-
tained with both methods, each to different ex-

tents. In the present applications, noise arises

from several sources, such as instrument inac-

curacies, reading errors, the effects of other tur-

bulence components on the airplane responses,

and the effects of spanwise variations in the tur-
bulence. The errors introduced by these types of

noises appear to be large enough to warrant de-
tailed consideration. The second part of this

paper is, in fact, devoted to these problems and

presents an analysis of the errors arising from
these sources.

EVALUATION OF DATA AND RESULTS

The data-reduction procedures used involved

the following steps:

(a) Evaluation of the tinle histories of the per-
tinent measurements. (The measurements in-

eluded the bending and shear strains at the various

stations, related measurements of airplane accel-

eration, as well as the quantities required for the
deternfination of the time history of vortical gust

velocity.)

(b) Evaluation of the power spectra and cross-

spectra for the various quantities.

(e) Determination of the frequency-response
funet ion.

The procedures used in each of these steps will
be discussed in order.

EVAL_SWnONOF T_ME msromES

8trains.--As an indication of the general

characteristics of the records obtained during

flight in rough air, short sections of the time his-
tories of the wing bending strains, shear strains,
and acceleration at the center or gravity for the

low-altitude tests are shox_m in figure 5. For com-

parison with these responses, the time history of

vertical gust velocity is also shown in the figure;
the method used in determining this time history

is discussed in detail subsequently.
Evaluation of the strain records consisted of

reading the dctlection of each of the strain time
histories at 0.05-second intervals. This choice

was based on sampling considerations as discussed
in reference 9 and on the fact that the records

indicate little power at frequencies above 10 cycles
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Bending gages Wing station Spar
Right wing
-54 Rear

Left wing

54 Rear

c 54 Front
o 252 Front

252 Rear

..$

i 414 Rear414 Front

o: 572 Rear

_ 572 Front

[ __.l__L J1 ..... 1 1 • l [ [ [ Z _ _ • ll__J__

0 I 2 3 4 5 6 7 8 9 I0 II 12 13 14 15

Time, sac

e.)

8

Shear gages Right wing
-54

• -54
., Left wing

'-54

54

.-252, Front 252'
252
414
414

572

572
• l _ _ I I __ i i _L I_ L J ___ I [ l _3_____L __
0 I 2 " 3 4 5 6 7 8 9 I0 II 12 13 14

Time. sec

Front
Rear

Rear

Front

Front
Rear
Rear
Front

Rear

Front

20--

_o
1 L • L L l =[ 1 . . L ] ..... !__. _ J

0 I 2 3 4 5 6 7 8 9 I0 II 12 13 14

_, Time, sec

__og
_ .4

oc . 0

I

o -- 0 1 2 3 4 5 6 7 8 9 10 II 12 t3 14z
Time, sec

FIc, vns 5.--Portion of time histories of strains, center-of-gravity aeceler'ttion, and vertical gust velocity.

per second. The defections read h'om the strain

time histories were processed on automatic digital
computers to obtain the incremental strain
indication from the relation:

where

E

= (3)

incremental strain indication

trace deflection from reference, in.

mean trace deflection from reference, in.
trace deflection due to known calit)rate

resistance (used to compensate for

minor voltage fluctuations)

Quasi-static reference condition.--In order to
obtain a measure of the effects of structural flexi-

bility on the strains at the various stations, a set

of quasi-static reference strain histories is desirable
for comparison with the actual measure(] strains.

Unfortunately, airplane flight tests cannot provide

any direct basis for obtaining such static strains.

An indirect method of establishing a set of quasi-

static reference strains from lhc flight-test data

which has frequently been found useful in previous

studies (for example, refs. 5 and 6) is used in the

present analysis. This method involves two steps:

(a) determination of the aerodynamic loads applied

I
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to tile airplane, and (b) conversion of these loads

to strains for a quasi-static airplane. For step

(a), use is made of tile airplane center-of-gravity

accelerations. In reference 6, it was indicated

that for this airplane the airplane acceleration (as

determined by averaging the local accelerations

over the airplane mass) can be closely approxi-
mated if the effects of tile vibrations associated

with the higher frequencies (above 2 cps) are

removed from tile center-of-gravity acceleration

measurements. This objective was accomplished

by a visual fairing of the record and is roughly

equivalent to the application of a low-pass filter

with a cutoff at about 2 eps. This faired center-

of-gravity acceleration was then used to provide a

direct measure of the airplane loading. For step

(b), these loads were converted to strains by using
the strains per unit load (per .q) as measured in

slow pull-up maneuvers at. the same weight and

dynamic pressure. The values of strains per.q

used were reported in references 6 and 7 and are

given in table III. (This procedure essentially

neglects the interaction between t.he dynamie air-

plane vibrations and the aerodynamic forces and
assumes that the span load distribution and the

wing and tail contributions in gusts are the same
as in pull-ups.') The strain measurements ob-

tained on this basis may be viewed as an approxi-
mation to tile strains that would be obtained for

a pseudo-static airplane, that. is, an airplane

restrained from dynamic vibration. Conse-

quently, comparison of the strains obtained on
this basis with the measured strains in rough air

provides a measure of the effects of airplane

dynamic flexibility.

lgormalization procedure.--In order to facilitate

comparisons between Ill(, strain measm'emen{s at

the various stations and the strain for the quasi-

static reference condit ion, all st rain measurements

were normalized by using the strain values per

unit load as measured in pull-ups for the various
stations. The normalized measurements are de-

fined as follows:

e.=32.2 _ (4)
EO

where e0 is tile strain indication per .q as measured

at the various stations in slow pull-ups at the same

weight and dynamic pressure. The normalized

values of strain indication E_ may thus be viewed

as having the same units as acceleration, that is,

feet per second per second. The results for the

various power spectra and frequency-response
functions of the strain measurements will be

presented in this form, This form of presentation

has the special merit of permitting the use of a

single quasi-static reference strain spectrum or

frequency-response function for direct comparison

with the strain responses at the various stations;

it thus also permits direct comparison of the

relative effects of flexibility on the strains for the
various stations.

Vertical-gust velocity.--The method used to
determine the vertical-gust velocity is essentially

that given in reference 10 and is based on flow-
direction vane measurements and involves correc-

tions for airphme motions. The method of refer-

ence 10 relates the vertical-gust velocity to the

vane-indicated angle of attack and airphme mo-

tions by the following equation:

we l'_o--I'O+w,+lO (5)

TABI,E III.

Wing sl:tlion

54
54

252
252
411
414
572
572

STRAIN INDICATION PER g AS DETERMINED IN SLOW PULL-UPS IN SMOOTII AIY

Spar

]:real _ _ _I_QIt r_ _ _

Front ..................

Front ................... {
Rear ......... l

Front ....

_0, strain in(tiealion per g for -

B_mding _t,'ai,_ al-- Shear strain at- -

5,800 ft 35,000 ft 5,000 ft 35,000 ft

0.47
0.81
0. 45
0. 43
0. 42
0.51
0. 18
0. 25

0.54 O. 15
O. 97 O. 50
O. 60
0. 55 0. 19
O. 58 0. 32
0. 60 0. 16
0. 26 0. 43
0. 36 { 0. 16

0. 53

0. 29
O. 42
0. 20
0. 53
0.21
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_.vlleFe

'_Fg

1"

¢:_'v

0

?lYa

vertical-gust velocity, ft/sec

airplane forward speed, ft/see

vane-indicated 'ingle of attack, radians

pitch angle, radians

airplane vertical velocity, ft/sec (the

sign convention of w_ is positive up-
ward and is opposite to that used in

ref. 10)

0 pitching velocily, radians/sec

l distance from angle-of-attack vane to

center of _'avity of airphme, ft

Equation (5) is based on the following assump-
t ions :

(1) All disturbances are small.

(2) Bending of the boom which supports the
vane is negligible.

(3) The effects of variations in upwash on the

vane-indicated angle of attack are negligible.

In the application of equation (5), a number of

probh, ms are encountered. The pitch-attitude

measurements, as is frequently the case, contained
a slow rate of drift. It was therefore decided to

determine 0 by integration of measurements of

pitch velocity _. In addition, w_was not measured

directly but was determined by integnttion of the

center-of-gravity normal acceleration measure-
nlelltS. The measurements were takeIl as incre-

ments fronl the mean values for lhe whoh, record.

With these modifications, the actual ewduation

procedures arc given by:

I'(_,_-- ao) -- l "re' (O--_)dt -- l'Oo

f0'-t- (a_ a,,)dLTu..o+l(O--O) (6)

Values of the pitching velocity 0 and the ac-
celeration a_ were read at 0.05-second intervals

and the vane-indicated angle of attack a_ at 0.1-
second intervals. The quantities 0--0 and a,,--'&,

were then numerically integrated by use of the
trapezoidal rule. (As discussed in ref. 11, this

method of integration attenuates the higher fre-

quencies; the amount of attenuation in the inte-

grated results increases with increasing frequency.

In the present case, where the integrations were

performed by using 0.05-second-interval readings,

the attenuation is negligible at the lower frequen-

cies, abou_ 5 percent at a frequency of 2.5 eps, and

20 percent at a frequency of 5 cps.) The initial

value of the vertical velocity of the airplane v'0 was

estimated fl'onl the slope of the pressure altitudt,

record taken with the statoseope. As a cheek on

the integrations, the acceler'ltion a,,(l) was inte-

grated twice and compared with the altitude trace

taken with the statoseope. The initial incre-

mental value of the pitch angle 0o could not be
accurately determined and the term was therefore

omitted in the computations. This omission has

a negligible effect on the eah'ulated power spectra

of the gust velocity.

The time history of the vertical-gust velocity

for the 4-minute test flight at 5,000 feet was dcler-
mined at time intervals of 0.1 second. For the

high-alt it ude tests, large-amplit ude high-frequency

oscillations of the vane-indicated angle of altaek
were present. The poor quality of the vane record

for these high-altitude tests is apparently the

result of the decrease in 'wrodynamie damping of

the vane at high allitude. Reliable gust-wqoeity
measurements eouht not be obtained for these data

and thus no use will be made of the gust dala for

the high-altitude run. As a consequence, fi'e-

queney-response functions couhl not be deter-
mined for this case.

POWER SPECTRA AND CROSS-SPECTRA DETERMINATIONS

Power spectra.--The procedures used in the

determination of the power spectra and cross-

spectra are essentially the same as those outlined
in reference 9. The power spectrum of a disturb-

ance x(t) is defined by

q%o)= cos & (7)

where R_(r) is the autoeorrelation function defined

by
1 f r''2

R,(r)= lira _/ a'(t).r(t+r)dt (S)
T-->_ TJ T/2

The numerical procedures used for n equally

spaced readings xj, . . . x, involve the estimation

of values of R_(r) for m-}',-1 evenly spaced values

of r from 0 to rest by

R ] (p=0, 1,... (9)

First raw estimates of the power are obtained by

L_= 2A--_t_ aoR p cos hpr (h=O, . . . m) (10)
1t" p=O m
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where
% I (0 _p<m)

I
ao=_ (p=0, m)

Fired or smoothed es!imates of the power are flwn

obtained by

] ]
4,0= 5 L,,+, 2 L,

l l l

4,,,=_ L,,_,+_ Lh+_ 1.,,+_ (l<h<m--1) (1J)

1 ]
4,,,,=_. L.,_,+_ L,,,

An discussed in reference 9, these estimates arc

averages of the power over the frequency range

hr . 2_-

Ill the actual reduction of the data, the time-

history data for the low-altitude tests were first

divided into two segmmlts, designated hereafter
as samples 1 and 2 and covering the first and

second 2 minut+s of flight in rough air, respeetiwqy,

in order to have a check on the consistency of tile

resuhs. Power spectra were then obtained of the
measured accelerations a,, and the incremental

strain indications t,, for both samples 1 and 2 of

the low-altitude data. For the high-altitude data,
no such division was use<l owing to the short

sample available. Tile power spectra were de-

termined from 0.05-second-interval readings (At=

0.05) and for a value of m--60. The calculations

thus yielded 61 power estimates uniformly spaced

over the frequency range of 0 to 10 cps. This

frequency range appears to be sufficient to cover

all the predominant frequencies present in the

various responses.
As an illustration of the eonsisteucy of tile data,

the power spectra of a, for samples 1 and 2 of the

low-altitude tests are plotted in figure 0. The

root-mean-square values of acceleration o- are also

shown in figure 6. Except for a difference in in-

tensity, the two spectra are very similar. A com-

parison of the power spectra of a,, for the tests at

5,000 feet and 35,000 feet altitude in given in

figure 7.
The power spectra of the strains _o for the front

and rear spars at various spanwise stations and at

the two altitudes are given in figures 8 and 9 for

IOO

,Somple o-

I 3.66

IC k .... 2 .3.20

"-" ._ __ I i

.....
---

010 2 4 6 8 I0

f, cps

I:ICI-RE 6. Comparison of power spectra of measured

normal aeceleralion ,at center of gravity for two samph's.

lhe bending and shear strains, respectively. (The

resuhs _(f) presented in figures 8 and 9 are in

terms of t]w frequency argument J, where 4,(J)=

2_rq_(_).) The strain spectra shown are for sample
1 inasmuch as the differences between the spectra

for the two samples were, in all eases, small and

similar to the difference between the power spectra

of a, for samples i an<t 2 show3_ in figure 6. In

each case, the power spectrum of the airplane

acceleration (faired center-of-gravity acceleration)

is shoum as the quasi-static reference.
Prewhitening of vertical-gust velocity.--Inas-

much as the power spectra of gust velocity were

expected to have a large peak in power at the low

h'equencies (based on examination of the gust time

history and previously obtained gust. spectra),

the gust time history was filtered or prewhitened

(see ref. 9) to minimize the possible distortion
of the power speetra from diffusion of power from

the low h'equency end to the high frequencies.

In order to reduce the relative power at the low
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100

/x

IO ,

-- I

Altitude, ft o-

5,000 3.66

35,000 1.94

I

!
I

I"_"_

.._q=

v

,

_ /
I ' ' ,_ i\ !, I ,G _F _
,b-, A t_t,t _ t/--

_f ' , --'\f i¢ \ I/

_%41 \
I \ i

o, L i , # ,, ,
! :l L_

0 2 4 6 8 I0

f, cps

Fret=RE 7.--Comparison of power spectr-_ of measured

normM acceh'ration at center of gravity for two alti-

tudes.

fi'equeneies, a high pass digital filter was apl)li('d
to the time history data of vertical-gust velocity
w0. The filter used is defined by

@_(t) = we (t) -- we (t-- At) (12)

where

@o prewhitened gust velocity
At time interwd between suecesNve values of

wo (0.1 second for present application)

This linear operation in the lime plane cor-
responds to the muhiplieation in the frequency
plane by the function

F6,) = 1-e -_' (13)

Thus, the Fourier transforms ofthe(t) and we(t)

(denoted by li',(_0) and IVo(w)) are related by

li_(o_) = (i-e-_')W_(o,) (14)

The operation involves botli an amplification and
1)base shill. The relation between the power
spectra of w(0 and ,b(t) is then given by

®.,(00)=]7(D71_ [
,, ®,X,o) I

<_',a<oj=_-7_ _oA_ J

115)

and must be applied to the power spectrum of
,'pa,(w) in order to recover the desired spectrum
¢_(_).

The power spectra of verti(.al gust velocity for
the tWO parts of the low-altitude test run are
shown in figure 10 as a further check on the
consistency of the restllts.

Cross-spectra. The cross-spectra between the

vertieal-gus! vclocity and the various airplane
responses were ,flso determined by using the
general t)rocedures outlined in reference 9. The
eross-speetrum between a disturbance x(t) and
a response z(t) is defined by

=7 <fLA_')e-':" d_ (16)

where R=(r) is lhe cross-correlation function;
c(co) is the eospectrum; and q(w) is the quadrature
speclrlim. These terms arc defined by

R=(r)= limT_+=T1 f_v2r/2x(t)z(t+r)dt (17)

q(oa)=_ llf R*=-(-r)--R':(--r) sinoardr (19)• 2

The numerical procedures used involved the
determination or l?_,(r) at equally spaced values
of r h'om the n equally spaced readings &, . . . x,,
and z_, . . . z, by the relation

Pip =-
| _ XqZqTp

,_ (p=--m, --(m--l), . . . m) (20)

I
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(a) 5,000 feet.

(b) 35,000 feet.

!
i

i
4 6 8 10

Fie, linE 8.- l'ower spectra of wing bending strain.

Cospectrum and quadrature spectrum estimates
are then obtained by

____ hpraf _,, a.(I?,_+R_,) cos --
Ch--"lr p=O ?92

" " (h O, 1,... _,) (21)

At
q_=7 >' _.(n.-r._.) si,

p=o /R,

:' 0,=0,_, .._) (22)

where
I "

a,,=_ (p O,m)

av=l (p_o, m)

The smootliing operation given by equation (11)
for the spe_'trn is also applied to the cross-spec-
trum estimates. The final estimates also provide
estimates of tim average power over the frequency

h,r + 2r
range _ m-At"
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(a) 5,000 feet.

(b) 35,000 feet.

FIqURE 9.--Power spectr_ of wing shear strain.

In the application of these relations to the
presenl data, the prewhitened time history of the
gust veloei{y was used. The compensation for
this prewhitening thus requires that estimates of
the cross-spectrum be divided 1)y F(--w) (from
eq. (13)) in order to obtain the appropria(e results.
Thus, the desired cross-spectrum %/w) is obtained
from the cross-spectrum cI,;,(o_) based on the pre-
whitened gus! lime history by the relation

_;'('_) (23)®,,(,_)= i_-:-2_,

4 6 8 IO

FREQUENCY-RESPONSE FUNCTIONS

The results obtained from the foregoing pro-

eedures for the required power speelra and cross-

speclra may be used in equations (1) and (2) Io
obtain estimates of the fFequency-response ftmc-

tions. In terms of the quantities defined iu

equations (11), (21), and (22), these relations
become

' (%)_ (24)IH,(4
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FIGVRE 10.--Co,nparison of power spectra of vertlica]

gust velocity for two record samph,s for low-altitude

test.

and

, ,, (25)

tile phase lag ¢(_) of the response being given by

_'(w) tflln-' @ (26)

where w=_ and h:0, 1, . . . m. These esti-

mates are, of course, for lhc average over the

respective band widths as was the case for lhe

individual power spectra and cross-spectra.
Frequency-response functions of the center-of-

gravity acceleration and of the wing strains at

the different stations were calculated by both the

spectrum and cross-spectrum methods for the low-
altitude tcsls. As an illustration of the difference

between the frequency-response funclions obtained

by the two methods, the two frequency-response
functions for the ccnter-of-gq'avity accch'ration

are given in figm'e l l(a). The reasons for the

observed differences are explored in the second

part of this paper and will be discussed in detail
therein.

547126 60 --3

,t/', i..................,v
0 .5 LO 1.5 2.0 2.5 5.0

f, cos

(a) Frequency-response function estimates.

(b) Frequency-response function estlim.ttes adjusted for

effects of spanwisc variation in turbulence.

Fzc, w¢_: ll.--Comparison of frequency-response function

estimates for normal acceleration obt.dned by two

methods.

In general, the analysis of the second part-of

this paper indicatcs that the cross-spectrum

estimates arc less subject to syslcnmtic errors

or distortions arising from a variety of noise

sources. In addition, only lhc cross-spectrum
methods provide phase information. For these

reasons, only the results obhtined by the cross-
spectrum mcthods arc presented. Fig'ures 12 and

13 prescnL the frequency-response functions ob-

tained for the bending and shear strain responses
at the various stations. These resulls form the

principal results of the prcsen! investigation.
The frequency-response function for the faired

center-of-gravity acceleration, which, as indicated

earlier, is used 1o represent a reference quasi-

static airpl.me condition, is also given in ea('h case

for comparison.

Inasmuch as the gust velocity was only deter-
mined at time increments .Xt of 0.1 second, the

cross-spectra 'rod frequency-response functions
were based on the 0.1-second time interval read-

ings and 61 estimates (m-60) were obtained for

the frequency region of 0 lo 5 cycles per second.

As a consequence, there is some distortion arising

front power present above 5 cycles per second due
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FIC, lrRE 12.--Frequency-response functions of wing bending strain to vertical gust velocity for front and rear spars at

four spanwisc stations.

to "fohlover" effects. (See ref. 9.) These dis-

tortions are, however, generally negligible below

2 cycles per second and are small between 2 lo 3

cycles per second. Also, the analysis of part lI

indicates that the results at the higher h'equoncies,

above 3 cycles per second, are too unreliabh, for

use. Accordingly, lhe results shown in figures
12 and 13 are restricted to the frequency re,on of

0 to 3 cps. For this frequency region, the present

results tend to underestimate the true values by

an amount that increases with frequency From

about 5 percent at 0.3 cps to values in excess of

30 percent above 2 eps.

The h'equeney-response functions shown in

figures 12 and 13 are based only on calculations for

sample 1 in order to reduce the calculation burden.

In a few cases, the frequency-response functions

were also determined for sample 2 in order to

check the consistency of the results. Figure 14

shows a comparison of the results obtained for

the two samples by the cross-spectrum method

for the case of the normal acceleration response.
The results are seen to be in good agreement, as

might be expected from the sampling theory
considerations of part II. Equivalent consistent
results were also obtained for several of the strain

responses and thus this reduction in calculation

time was juslified.

EFFECTS OF AIRPLANE FLEXIBILITY ON WING

STRUCTURAL STRAINS

POWER SPECTRA OF STRAINS

Examination of tim power spectra of bending

strains (fig. 8) for the low-altilude tests indicates
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gie, lmF_ 13.--Frequeney-respon._e functions of wing shear strain to vertie'd gust veh)city for front and rear spars at four

spanwise stations.

that ahnost all the strain power is concentrated

at: frequencies 1)clew about 2 cps for both the front

and rear spars. In this frequency region, the

power appears to be concentrated in three princi-
pal lobes or peaks: a power peak close to zero

frequency, a second peak at 0.5 cps, and a third

large peak at. 1.5 eps. The very low frequency

power peak is largely confined to the outboard

stations and appears to be a reflection of the air-

plane rolling response to side gusts, aileron control

nmtions, and as3mm]etries across the rdrplane span

in the vertical gusts. This peak thus has no re-

lation to airplane flexibility effects. The second

power peak at 0.5 cps is associated with tim air-

plane short-period nlode and is of relatively uni-

form magnitude at the several stations. The

small variations in the magnitude of this peak are,

to a lalge degree, probably associated with minor

inaccuracies in the strain per g values of table III

obtained from the l)ull-up maneuvers. The power

peak at 1.5 eps is a reflection of the airplane first

bending mode. At the inboard station, this peak
is not as pronounced as is the short-period power

peak. IIowever, at the midspan stations, the

magnitude of this first betiding peak increases by

a large amount and provides l.ll.e major contribu-
tion to the strains at these stations.

Comparison of the power spectra of the strains

at. the various stations with the reference power

spectrum indicates that the effects of flexil)ility

are principally reflected in large amplifications of

the strain responses in the frequency region of the

fundamental wing-bending mode. At frcqueneies

above 2 eps, there is some reflection of the effects
of higher structural modes, particularly at the

outl)oard stations where a moderate power peak

at. 4.5 cps can be discerned. There appears to be

little difference between the power spectra of bend-

ing strain for the front and rear spar.
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FIC, ImE 14.--Comparison of frequency-response functions

of center-of-gravity acceleration for two data samples

from low-altitude tests.

In order to obtain a simple overall measure of

the effects of dynamic flexibility on the strains,

the root-mean-square values for the various power

spectra were dot ermined and are showa] in figure

8. For this purpose, tite power in the peaks of

tile spectra for the outboard stations at very low

frequency (below 0.3 cps) was not used inasmuch

as this power appears to be associated with the
airplane lateral response motions and has no bear-

ing" on elastic response characteristics. The root-

mean-square values are seen to be lowest for the
root station and increase to about twice this value

for the midspan station. Comparing these values
with the root-mean-square vahies for the reference

condition indicates that the overall amplification

in root-mean-square strain arising from elastic
effects is about 10 percent at, the root and increases

to about 100 percent at the midspan stations.

The power spectra for the strains for the high

altitudes (fig. 8(b)) show much the same general

characteristics as those observed for the low-alti-

tude data. Two observations are worth noting

for the high-altitude data: first, the indication

tllat, the peak in strain power associated with the

first bending mode at a frequency of 1.5 is much

more pronounced in this ease titan in tile ease of
the low-altitude &mi. This condition indicaies

that the dynamic anlplification associated with

flexibility is more pronounced at the higher alti-

tudes as a consequence of tit<, lower aerodynamic

damping associated with the reduced dynamic

pressure. A second point of interest is the dear

reflection of a sharp peak in the quasi-static

reference power spectrum. This peak is a reflec-
t.ion of the increased effect of the first flexible

nmde on the center-of-gravity accelerations at. the

high altitudes. As a consequence, this spectrum

is not as well suited for a quasi-static reference

condition for determining dynamic amplifications
as was the ease for the low-altitude tests.

The root-mean-square strain values for the vari-

otis spectra are also shown for tile high-altitude
results. Comparing the vahws for tile various

stations with the root-nlean-square value for the

quasi-static reference condition indicates that the

overall strain amplification arising fronl structural

dynamics is about 20 percent at the root station

and increases to about 100 percent at the midspan
station.

The power spectra of the shear strains of figure
9 show much the same general characteristics as

the bending strains. A number of differences are,

however, wo,'th noting. First, the effects of the

rolling motions on the strain peak close to zero

frequency seem nmre pronounced in the ease of

shear strains than was the case for the l)ending

strains. In addition, the effects of the higIicr
structural nlodes are also more evident with indi-

cations of minor strain peaks at frequencies of 2.2,

3.2, aud 4.5 cps. Comparison of the strain records

ot)tained at the inboard stations on the right and

left wings indicates that the structural modes al

2.2 and 4.5 cps are antisymmetric modes. A final

point worth noting for the shear strain responses

is the large variations between the power spectra

for the front, and rear spars at. the various stations.

The over,ill effects of flexibility on the shear

strains as reflected by the root-moan-square strains
appear to follow the same general pattern noted

for the bending strains but display somewhat

hlrger strain amplifications and a somewhat less

1
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orderly pattern. Tilt, lower value for tilt, root
station than for the reference conditions is some-

what unexpected and is believed to be in part a

result of minor inaccuracies in the strain per g

values determined from the lmll-up data.

FREQUENCY-RESPONSE FUNCTION'S

The frequency-response functions of figures 12
aml 13 serve to indit'ate in a clearer fashion the

._verall effects of the flexibility. Consideration of

the results preseat ed in these figures indi<'ates that

the effects of flexibility show up principally in a

large amplification of strains in the neighl)orhood

of the first bending mode. As one considers the

various frequency-response time(ions from t he root

station to the outboard stations, it is clear thai

the peak associated with the first th, xible mode is

small at the root slalion but increases rapidly

toward themidspan stations. The effects of the

_'st flexible mode ,q)pear to be relatively small tit

the farthest outboard station. When the results

obtained for the phase are eonsi(h,red, it appears

that at low frequencies lhe strain responses are

e_sentially in phase with the airplane aeeeh,ra-

tion response, ttowever, at frequencies above 1

cps, 111(, strain response lags the aceeh, ration re-

sponse by an increasing amount as the frequency
increases. Above 2 cps the l>hase data are son-w-
what erratic. This behavior is believed to be in

part the effect of the COml)licated plmse behavior
at these fl'equeneies "rod the limited reliability ¢,f

the results at the hi#wr frequencies.
It should be noted that the amplitudes of the

frequency-response functions given in figures 12
and 13 are, to some degree, contaminated by sys-

temali(' errors or distortitms resulting from the

presence of noise in the measnremenls. The an-

alysis given in part II indicates the aml>litudes

are too h>w l)y an anaount that varies with fre-

quency, increase slowly l'rom 0 percent at 0 cps

to 5 percent at 0.3 cps, and then increase more

rapi<lly to about 30, pel'ccnI a{ 2 ('ps and 50 per-
cent at 3 cps. Adjustments for these dislortions

sh(>uhl be made when the present results are

compared with results ol)taiued in other investi-

g'/tions for lhis airplane. These adjustments

should also, of course, lie used in tlw <'al('ulati(ms
of lhe responses of the present airplane lo other

gust disl urt)ances.

II. RELIABILITY OF ESTIMATES OF FREQUENCY-RESPONSE FUNCTIONS OBTAINED

BY RANDOM-PROCESS TECHNIQUES

In part I of the present paper, it was indicated

that the frequency-response fuu('tion liter) of a

linear system can be estimated from measure-
ments of the response z(t) of the system to 'l

random-input (listurlmnce x(0. For this case,

estimates of the frequency-response function for

the response z(t) to unit sinusoidal disturbances

in x(t) may be determined by eilher the spectrum

nlethod or the cross-spectrum method qs given l>y

the folh)wing expressions:

and

where

4'(_) (27)
][L(_) ]:-+:(+)

,a_o) =,_g 5 (28)

power spectra of x(t) and z(t), respec-
tively

cross-spectrum between x(t)and z({)

Note that only the amplitude of the frequency-

response function may be obtained from the spee-

(rum method (eq.(27)) whereas 1)oth the aml)litude

and l)hase of the fi'equeney-response function are

obtained h'om the cross-spectrum method (eq.

(28)). In many applications of these methods,
such as those given i,, this paper, the relinl)ilily

of the spectra att(l th(, frequency-response fun('{ion

estimates appears to depend heavily upon the

extenl 1o which extraneous (listuvt,ance factors,

which inight be termed noise, are present it, the
measurements. The purpose of this section is to
examine the manner in which the estimates

obtained by these two methods are affected by
various types of noises. The types of noises to

be considered include: (a) random errors in x(t)

and z(t) that might lie introduced 1)y instrument

and reading error, (b) effects of extraneous dis-

turbances such as other turl)ulence components on

the response z(t), a,t(l (e) effects of spanwise
variations in the (m'l)ulenee. In general, noises

of these types have two principal (,fleets on the
estimates. First, noises introduce sysh'matie

errors or distortions in the estimates, and second,

noises give rise to a decrease in the statistical
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reliability or an increase in random sampling

errors. The effects of tile various types of noises

on these two types of errors are first established

in a general form. These results are then used
to estM)lish the reliability of the estimates of the

frequency-response functions obtained from the
test data.

COHERENCY FUNCTION AND STATISTICAL

RELIABILITY

COHERENCY FUNCTION

In the analysis of the relations between any

two random processes x(t) and z(t), such as the

input gust disturbances and the strain responses

of the present study, the concept of a coherency

function _,_(_0) as defined by

_;=q,_) (29)

is known to play a central role. (See ref. 12.)

The coherency function may be viewed as a

measure of the degree to which two processes are

linearly related. If two processes are in perfect

linear relation, then the coherency function has

a value of rarity for all frequencies. At the other

extreme, if two processes are linearly independent,
then the cross-spectrum 'GJw)=0 and likewise

v2(_)--0. Such uncorrelated processes are

termed incoherent. For two processes which are

only partially linearly related, :is is the case when
extraneous noise is present, the coherency func-

lion will lie between 0 and 1, the value depending

upon the ratio of the coherent power of the two

processes to the total power as given by equation

(29).
The coherency function can also be expressed

in terms of the quantities [I_ and /7. and from

equations (27) to (29)

- ,-IH_(_)I_ (39)

If the coherency function is equal to one, the

estimates of the anaplilmle obtained by the two
methods will be identical, llowever, if the co-

herency function is less than one, the estima|es

of the amplitude of the frequency response based

on the spectrum and cross-spectrum differ.
Either one or both of the estimates may be dis-

torted, the amount of distortion depending upon
the character of the extraneous noise, as will be

seen subsequen{ly. Thus, the reduction of the

coherency function fl'om the perfect wdue of unity
provides a danger signal that distortions may be

present in the estimates. The amount of distor-
tion present, in any given case, depends upon the
character of the noise and whether it affects the

input or output as will be indicated. The effects

of various types of noises are examined in order to

establish their ('fleets on the coherency function
and to establish the associated distortions.

STATISTICAL RELIABILITY

The coherency function is also important in

connection with tile ma_aitude of the samI)ling

errors. In reference 12, the statistical reliability

of estimates of the frequency-response function is
derived for the case of stationary Gaussian random

processes. The results obtained therein indicate
thaL the statistical reliability of the estimates

obtained for the frequency-response function

([[,(co) or I1_(_o)) depends upon the three basic

quantities: the sample size n or number of readings,

the number of frequency points at which estimates

are derived m, and the coherency function _,2(co)
between the measured input and the measured

response. Figure 15 is based on the results of
reference 12 and gives the 90-percent confidence

bands'for lhe quantity

4-E_= 100 iH,.(_o)[--[H(w) I
ill(w) I (31)

which is the percent error in lhe amplitude of the

frequency-response function and for the quantily
E=,, the error in the phase angh'. These quantities

permit the estalflishment of the interval within

which the amplitude and phase angle for tile true

frequency-response fimetion H(@ will probably
lie. For examph,, for n--l,000, m=60, and

q,-°=0.90, the percent error E_ in the amplitude is

4- 15 percent. Thus,

0 l'/!//¢(c°)i--IH(_')[_0 15 (32)

with a probability of 90 percent. It follows from

equation (32) thai the associ'lted 90-t)ereent
confidence band for the true wtlue of the amplit ude

of the frequency-response function H(c0) is given

by

O.87][l_(w)[<III(e)]< l.17[lI_(w)l (33)

The confidence band for the phase angle may also
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FI(;URE 15. Ninety-percent confi(lonee intervals for amplitude and phase of ,stimates of frequency-responso function.

be obtained from figure 15 and is given by [he

interval defined by the measured phase angle plus

and minus K_, the wdue obtained from figure 15.

:Fox" n=l,000, m=60, and y2=0.90, E_=±0.15
radian.

Examination of figure 15 indicates that, for a

given sample size n and a given value of m, the

percent error and thus the width of the confidence

bands increase rapidly as the coherency decreases.

For example, for n= 1,000 and m =60, the percent

error in amplitude increases from about -t-15
percent for 72=0.90 to :1:40 percent at y2--0.50

and to +70 percent at 3,2--0.25. Similarly, lhe

confidence band for the phase angh' increases from

about =1_0.15 radian at y2=0.90 to =t_0.75 radian

at 3,2=0.25. Thus, the shdistical reliability of the

results is strongly del)endent upon the level of

tt_e coherency function.

EFFECTS OF NOISES ON FREQUENCY-RESPONSE

FUNCTION ESTIMATES

ELEMENTARY CASES OF NOISE

The effects of the presence or noises in |he

measured quantities, the input x(O or the response

z(t), on the spectra, cross-spectra, coherency

functions, and the estimates of the h'equeney fune-

lion will be examined in this section of the paper.

The basic approach to be used will consist of

considering the input and oultmt x(t) and z(t) to

be contaminated by a random noise 7_(t).

the contaminated quantities are given by

Thus,

(34)

where tit(t) and _:(t) are used (o designale a ran-

dom noise in the input and output measurements,

respectively. The average effect of these noises
on the various quantities may be examined by

substituting lhe eonlaminale<l quantilies of equa-

lion (34) for their uncontamimded counterparts

in equations (27), (28), and (29).

Two eh, menlary eases of noise eontamimdion
and their combination are first considered in this

section. These eases are defined by sketches l(a)

and 1 (b).

Case (a): Noise in measured input.--If the

input is contaminated 1)y a random noise n_(t), the
following relations exist between the spectra amt

cross-spectra involving.r(t) and ./(1)"

+_.(_o)-+=(.,) ++,,_(,o) +2R[+_,,,(_)] (35)
and

+x,_(¢o) =+=,(co) + q),,_(_) (36)

where the double subscripts are used to designate

the respective cross-spectra and R desigmdes the
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{a)

x(1)

n(t] -_

z(t)

= x'(t) = x{t)+ n;(?)

(b)

x(t)__-z(/) --

n2(t}- -

(a) Noise in measured input.

(b) Noise in measured, outl>ut.

Sketch I.

real part of the complex quantity. Thus, both

the input spectrum and tile cross-spectrum =u'e

contaminated by noise terms. Tile frequency-

response function estimates based on the con-

taminated input x'(t) will in turn yiehl

and

4,(_o) (37)
t[L(_)I'- +/o,) + ®,,,(_) + .9R [®.,,_(_)]

+./o,) + ®,,,,(_)
H/_)--+=(_) + %(_)+ 2R [+_.,(_)]

(38)

It is clear that in both cases the estimates of tile

fl'equeney-response function are contaminated by
noise terms but the noise affects each esthnate in a,

different manner. In each case, the degree of

contamination depends upon the noise level and

its relation to the input. For the special case of

noise which is incoherent to the input (+,,q(w) = 0),

a simpler result, is obtained and this ease is of

particuhtr interest. For this case, only the input

spectrum is contaminated; thus

and

,I,,(¢o) (39)
IH/co)i_=+,(_) + +., (,o)

+_.(o,) (40)
H. (o,)= +go,) + +.,(,_)

If %(.,) <<+.(o0,

]//_ (w) [ _ l]/(°a) [ [ 1 -- :if(wwl] l (41)

J
Thus, lhe degree of contamination at the various

frequencies is proportional to the noise-to-signal

ratio in both cases but is lwiee as large in the

eross-spe(:trum case as in the spectrum case.
Both estimates tend to underestiinate the ampli-

Iu(le of the frequency-response functions, ltow-

ever, the estimate of the phase obtained lly tlle

cross-spectrum method is unaffected since both

the real and imaginary terms are eontamimlted to

the same (levee.

The coherency fun<'tion for the general case of

noise in the input is given by

.y_(_)= I®=(°')+ +,,,=(°')1_
+,(_,){+/o,) + +,,,(,_)-i-'_,It[+,,,,(,_)]} (42)

which for the case of incoherent noise reduces to

1
3,2(0o)

+,,,(_) [

1+_(_(;)- } (4:3)

+,,, (_) |

The re<h,ction in 3,2(o0) thus depends directly on
the ralio of tile noise power to the input signal

power.
Note that from equations (39) and (43)

, 1
IH(_),= _-z_ IH/_,)!=y-_)I/L(o,)I (44)

Thus, the coherency ratio may be used directly

for this case to adjust for tile distortions due to
random and incoherent input noise.

Case (b): Noise in measured output.--For the

case of noise in output, only the spectra involving

the output are contaminated and the estimates

3ield

H,(,_)]_ +,(,_)+®,,/o,)+2R [+,,/_,)1}
(45)

H/_)__+./_o)+ +,,/_o)
q%o)
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which, for tile case or incoherent noise, reduces to

'2 %('_)+ _'""(_)

III.(_o)i - _(_-7--- [
(4s)(

_),,,(,_)

all(|

H.O) =//0)

Thus ['or this case, tile cross-spectrum method

yields tmhiased estimates of both the amplitude

and phase of the fi'equeney-response ,function

whereas the spectrum estimate of the amplitude

is distorted and overestimated in proportion to the

ratio of noise power to the output signal power.

The coherency for this case "r2(c_) is given 1)3'

v'O) ',®..(_0)+®.,,.O)1' (4s)
- %(0.)_%(_0)+ %(.0)+ '2R[®,,..(_o)]}

which reduces in the case of a noise which is inco-

herent to the output to

or

q'.,,(_,) (40a)
l+ ®.(_

7'(w) --_1 q%(o0 (q..,(oO<<'I_.(w)) (49b)

where the coherency is reduced by the rat.io of

noise power to output signal power. In this case,

also, uncontaminated estimates may be recovered.

Note that in tiffs ease,

II(,o) = IL (o_) l

JJI(o,) 1%o)lH+,)!
(50)

Noise in both input and output.--If noise

_q(t) is present in the input and noise n2(t) is

present in the outl)ut , the estimates ohtained are:

,.-,-..,._+.O)+®..,(o.)+2R [®...(o.)]"l

i'l"kc°)i --+z(_°)-}-+nl(+)@-2R [qbz"l(°_)] L
I" (51)

For noises incoherent to the signals and to ea('h

other, these equations reduce to

lH.(o.)l'- %(0')+ ®''(o.)}

%(,0)+ _.,(o.)

%:(0.)
lL(o.)=%(08 + %, (_o)

(52)

and ,I',,2(_o)<<q'_(_o), equations

Equations (53) indicate thai the noises may be

self-l)alancing in the spectral case whereas only

the input noise affects the cross-spectral ease.

If signifi('anl noises are present ill both the input and outl)ut , the coherency function is given by

[%_ (_o)+ %.20) + ®.,,:('_) + *,,, ,,, (_o)I_ (54)
2 O)

v ( ) {®.(,o)+®,,,(,o)+2R [®.,,,]}{®.(_o)+®,,,(_0)+2R[¢,,,.(_0)]}

which, for the incoherent case, redu(,es lo

or

1

"/2(_) --.r (I,,,,(_)7 r 1 *,,_(_o)7
L'+ JL

.,/z(_o)_ 1
¢,,,(_) ep,,.(_.)
%(0.) %(,0)

(55)

(56)

547126 60_
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for qsq(co)<<q,,(co) and q%2(w)<<q,_(co), tile re(lue-
xl(t)

tion in coherency being in proportion to the sum

of the ratios of noise power to signal power for

both the input, and output. Xz[t)

Examination of tile results given by equations
(53) to (56) indicates that, ill the case of noise

present in both the input and output, mwontami-

nated estimates of H(co) can no longer be recovered

directly from the contaminated estimates as was

the ease for only one noise. Additional informa-

tion on tile magnitudes of the two ratios of noise

power to signal power is required for such correc-

tions. Such supplementary information nmy

sometimes be available to permit corrections for
these distortions to be made. For example, cer-

tain types of film-record reading errors have been

studied and were found to have roughly white

power spectra with root-mean-square reading
errors of about 0.003 inch of fihn deflection.

Corrections fiw such effects are actually explored

subsequently in regard to the resuhs given in
part I.

(It shouhl be noted that the designation of the

input and output is, from a mathematical ,dew-

point, arbitrary. Thus z(t) may be considered

the input and x(t) the output for a reversed system.

This procedure moves the noise from the input

to the output or vice versa. However, the results
obtained for the estimates of" the frequency- and

response function for the reversed system are
equivalent to those obtained for the direct system

when the appropriate corrections for the distor-

tions due to noise are applied.)

The foregoing cases of noise contamination all

lead to significant reductions in the coherency-

function and, aside h'om their effects in introduc-

ing distortions, also lead to increased statistical

sampling errors as indicated by figqlre 15.

EFFECT OF ADDITIONAL GUST COMPONENTS

Some airplane responses may be affected by

more than one gust component. For example, in and

addition to the vertical component of the tur-

bulence, the longitudinal (head-on) and side com-

ponents of turbulence may sonletimes give rise

to significant effects, particularly at low fre-

quencies, on the root bending strains. Sketch 2
indicates the nature of the case to be considered:

where xt, for example, is the vertical gust velocity;

a'.,, the side or head-on gust velocity; and Ill

, z[/} = el(t) + z2(t}

Sketch 2.

and I/a designate the respective frequency-
response functions for responses in z. This ease

will be recognized as a special case of noise in

the output as considered in the previous section.

For sinusoidal disturbances in xt(t) and x2(t) at

a given frequency, tile amplitude of the response

in z(t) is given by

z(o.,)-.¥_ (co)H,(co)+ % (co)H.,(,.,,) (57)

where Z(co), 2_q(e), and %(_o) are the Fourier
transforms. If equations (27) and (28) are

applied to measurements of :rift) and z(t) for tile

purpose of estimating H/co), the following expres-

sions for the estilnatcs of the frequency-response
function are obtained:

1
]H,(co) ]2= :H_ (co)I'd-_ [H2(co) 12d-%, (co)

[¢.rlx2(_) HI @(CO)]"[2(¢0) @ *.r2Jr I (CO)]'_2 * (_D)/-tl (CO) ] (58)

H_(_,) ,rI,(co)+_ Hdco) (59)

Tiros, both methods h,ad to contaminated esti-

mates of H,(_). Other methods of estimating

the frequency response functions are feasible but

require additional study.

For the special case of isotropic tu,%ulenee

g'q_2(co)=0, the results reduce to

,I,, (,4
iHAco)[_=ill, O)[_+2_ [G(_)i = (60)

H_(co)= IL (co) (6_)

Thus, tile spectrum ease yields biased estimates

which are too high by an amount that depends
+,,(co)

upon tile product of the ratios of q,q(w) and

][[2(°012 The cross-speclrum method yiehls an
Jill(co)J2

I
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unbiased estimate and is clearly to be preferred under these eireumsianees.
The coherency function y2(_,) for this ease is given by

[®_,(,,0H, (_,)+ %,_2(,JL(_0)l _
2 60

Y ( ) %_(_)[%'(_)_'H_(_:)]2+`_(_)[H_-(w)_2_pq_2(w)_*(w)H-_(w)_%._(_:)Ha*(_:)I_(_:)]

which ill tlle incoherent ease, which applies to isotropic turbuhmee, r(,duces to

(6-'2)

1

v_(°') - . %(_) IH_(,_)i_

1-I-q,_(w 5 [H_(_o) [2

Thus, in order to insure high coherency, it is necessary that

% to,)7L (_)?>> % (,_)[H_(o,)1_

or that the predominant part of the response in z(t) arises from the disturbance x_(t).

(63)

(64)

TWO-DIMENSIONAL TURBULENCE

If the vertical turbulence varies across the

airplane span or is two-dimensional w(t,y) and

equations (27) and (28) are applied to measure-

ments of a response z(t) and the gust input

measured at a point, for e×ample, on the airplane
center line w(t,O), then serious distortion in the

estimates of the frequency-response function may
be introduced. As indicated in reference 8, the

estimates [IL(_)i 2 and [1_(_) in this case are

defined by

]L(o,)?

f_b/2 fr,/2 d_w(w,Y_'--Y')II(w,W) H*(w,Y2)dVldl]2
b/2 J --b/2

and

where

b

_(_,y)

H(,_,V)

a,_(o,,0)
(65)

fb/2 _,,,,(w,y) H(w,y) dy
H_(o,) =_' -_

a, _O,o) (66)

airplane span

cross-spectrum between vertical-

gust velocities at stations 0
and y

cross-spectrum between gust ve-

locity at span positions y_

and yz for isotropic turbulence

influence frequency-response func-

tion designating lhe airplane

response to unit sinusoidal gusts

at station y

Thus, for the case of two-dimensional turbulence,

equations (65) and (66) yield average forms of the

influence-type function H(o_,y) where the aver-

aging differs in the two eases and depends upon the

span, the gust, spectrum, and the variations with

y of the influence functions H(_,y). It is clear

that, if spanwise variations in turbulence exist,

the estimates for the frequency-response function

H(o 0 for gusts uniform across the span can be

seriously distorted.

A rough estimate of the effects of these spanwise
variations in turbulence on the estimates of H(o0

was derived in reference 8 and is repeated herein

in order to indicate the order of magnitude of the

distortions that may be expected from this source

For this purpose, it is assumed that

H(_,y) = H(_o) r(y) (67)

where H(o)) is the response lo unit sinusoidal gusts

that arc uniform across tile span and F(y) may

be viewed as a span-position weighting factor
F b/2 X

_ -_]_b_ F(y)dy=l). This assumption is an over-

simplification but serves the present purpose of

assessing the magnitude of the spanwise effe('ts.

Substituting equation (67) into equations (65)

and (66) yMds

IH. (.,) != IH(.,)IF, (_,)"l

f[L (.,)= H(.,) r_ (.,)
(68)



26 TECHNICAL REPORT R--70--NATIONAL AERCNAUTICS AND SPACE ADMINISTRATION

_qlCFP

®. v,)r (y,)r dyl(t j,

F'-_(_°)--'_--°/"_':_/2 - ¢,.(_o,0)

"0/2_ ¢., (_o,y)r (v),1.'I

r_(_o)-"-_,2 _.,(_o,o)

(69)

The quantities Tl(_o) and'_2(w) given by equation

(69) were evaluated for an assumed spectrum for

isotropic atmospheric turbuh, nce and a uniform
variation of r(y) on the basis of results given in
reference 13. A value of 0.1 was assumed for the

ratio of the airplane span b to the scale of tur-
bulence L. The resuhs obtained are shown in

figure 16 and are an indication of the distortions

in estimating H(w) due to the spanwise variations

in turbulence that may be oN, coted for the two
methods. Note that plmse estimates obtained

by the cross-spectral method are not affected by

the spanwise variations in lurlmh'nce.
The results sho_m in figure 16 for "_l(w) and

T:(w) were applied to the estimates of the fre-

quency-response function for the center-of-gravity

normal aeceh, ratlon obtained by the spectrum

and cross-spectrum methods (set' fig. 11 (a)). The

adjusted results are shown in figure 1t(b). The

close agreement between tit(, two adjusted resuhs
between the frequencies of abollt 0.25 lind 2

cycles per seeond lends credence to the foregoing

argument on span effects and implies that the
spanwise variations in the turbulence are the

principal source of distortion in the estimates

over this frequency region. At the lower and

higher frequencies, other factors may also affect
the estimates.

The coherency function between the gust

velo('ity w(t,O) and the response can be obtained

0 .5 I.O 1.5 2.0 2.5 5.0
cps

"FIGURE 16.--Span averaging flmction, _,(,f) and i=20").

from equations (29), (30), and (68) and is given by

_(_)=r?(_) (70)
r?(_)

Fronl tit(, results of figure 16, it can be seen that

,r2(co) has a value of 1 at zero frequency and

decreases to about 0.90 at 1 cps and to about

0.80 at 3 cps.
More detailed information on the function

H(co,y) unfortunately cannot be recovered from
measurements of turbulence restricted to w(t,O)

lint requires more complete measurements of

w(t,y). If the turbulence is measured ,it stations

Yb Y_, • • • ?/_ along the span, for a given fre-

quency the following relation applies between the
Fourier transforms of the response and the gust

inputs at the various span positions.

Z(_o)-- W(_o,?l,) H(_,y_) + . . .
+lV(_o,gp) H(%V p) (71)

This relation leads to the following linear rela-

tions for the cross-spectra between the various

gust inl)uts and the response _,q_(w):

I:=1

(i=1, 2, . . . p) (72)

where q'_wk(@ is the eross-spectrunl between the

gust inputs at stations y_ and y,-. Measurements

of ¢,._,(co) and q,_;,_,(¢0) may in principle be used

in these p linear equations to solve for the p func-

tions H(_o,yk) representing the fi'equency-response

function of the system to unit sinusoidal gusts at

position yk. The application of equation (72)

would presumably require tong sample times inas-
much as the individual coherency functions be-

tween the gust velocities w(t,y) and z(t) wouhl be
low. Another condition on this approach is the

requirement for significant spanwise variations in
the turbulence. These variations may be diWwuh

to obtain in flight tests but are perhaps easier to
realize in wind-tunnel tests.

RELIABILITY OF PRESENT TEST RESULTS

In this section of the paper, the preceding

analysis is applied in assessing the reliability of

the test results of part I. For this purpose, various
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noises believed to be present in the measurements

are examined and their effects on the coherency,
power spectra, and frequency-response functions

are evaluated. The principal aim of this assess-

ment is to establish the magnitude of the possible

bias or distortion introduced in the frequency-
response functions and to determine their statis-

tical sampling reliability.

The analysis indicates tha_ the coherency func-

tions between the gust input and the strain re-

sponses provide an indication of the possible

presence of distortions arising fi'om noise and also

control the size of tile sampling error. For these
reasons, thc discussion will commence with an

examination of the noise sources that may be ex-

pected to yiehl reductions in the coherency func-

tion. It will be helpful in reading the following
material to keep in mind that noise in either tile

input or output reduces the coherency. How-

ever, only input noises introduce distortions in the

frequency-response functions obtained by tile

cross-spectral method which will be of principal

concern. Estim,ltes of the reduction in coherency
fimetion due to various noise sources are derived.

These estimates for tire coherency function are ....

then compared with the values of coherency de-

termined directly front tile test measurements as

a check on the consistency of this analysis with

the test data. The magnitudes of the associated

distortions in the measured frequency-response

functions and the sampling errors are then con-
sidered.

COHERENCY FUNC_nON

Tire principal noise sources giving rise to re-

ductions in coherency and bias in the present
frequency-response functions are believed to be

dm following:
(a) Instrument, errors

(b) Record reading errors
(e) Extraneous disturbances

(1) Longitudinal (head-on) gusts
(2) Lateral (side) gusts

(3) Spanwise variations in w,rtical turbulence

(4) Pilot control nmtions.

A crude assessment of the effects of these noise

sources was made and indicates t]mt each of these

factors might be expected to yMd significant

reductions in the coherency functions at h'asl

over a part of the frequency range of concern.

The magnitude of these reductions in coherency
between the gust velocity and the various strain

responses varied somewhat inasmuch as these

reductions, in general, depeml upon the ratio of

the power spectrum of the strain re,_ponse (or
input) arising from the noise source to the uneon-

t aminat ed power spect rum of t he st rain (or input).

Representative or average wdues for the percent,

reductions in the eolwreney arising from each

noise source are shown in the f<>llowing table:

_-oise Sollrce

Instrument errors ....................................

tleading errors ......................................
Side gusts ...........................................
IIcad-on gusts .......................................
Spanwise gust variations ............................
Pilot control motions ...........................

Tolal ........................................

Estimated percent reductions in the coherency
functions 1)3, noise source for frequeneie_ of -

<0.3 ,'eps

0
2O
10
10

10

50

0.3 to 2 cps

0 to 10

10

5 to 20

15 to 40

2 lo 3 cps

?
113 to 25

10
20 to 30

413 to 65

>3 cps

?
25

10
3O

65

where the dashed lines indicate a negligible re-
duction. Of the six noise sources listed in the

table, three (side gusts, head-on gusts, and con-

trol motions) are believed to affect only tile out-
put measurements whereas the other three affect,

both the input and OUtl)ut , and the noise in both

was eonside,'ed. The overall reductions shown

in the last row of the table are obtained simply

by an addition of the reductions due to individual
errors. It, is worth noting some of the consid-

erations involved in arriving at the estimates for

the individual values given in tile table.
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The instrument errors were generally considered

to be negligible except for frequencies above 3 cps.

As indicated by the instrument characteristics given

in table II, most of tile instruments employed, as

well as the recorders, had high natural frequencies

above 10 cps and high damping. The h'equency-
response functions for all instruments were thus

essentially fiat to 5 cps for most of the important

instruments. Phase shifts introduced by the

instruments were sufficiently small to be con-

sidered negligible, below 2 or 3 eps. The overall

accuracy values quoted in table II for the various

measurements are based upon static and dynamic

bench tests of the recorders. In general, tile

accuracies quoted were below the levels of the

reading error.

One exception to this satisfactory instrument
situation is the vane measurements of angle of

attack. .XIeasurements of the angle of atta(:k
indicated a noticeable oscillation at about 6 eps

which appears to be associated with the natural

bending frequency of the boom. The level of

this os(,illation was sufiMently high to mask the

angle-of-attack variations at frequencies above 3

cps for low-altitude tests and at even lower

frequencies at high altitudes. As a consequence,
the high-altitude gust data were not used and the

low-altitude gust data are considered suspect at

frequencies above 3 eps and possibly also between

2 and 3 cps. No quantitative estimates could be
made for this effect, and for this reason the table

shows a question mark for the higher frequencies.

Fortunately, in most cases, the strain responses
above 2 cps were small and therefore this limita-
tion is not too serious for the low-altitude tests.

When the effects of reading errors were con-

sidered, estimates o[" the power spectrum and the

root-mean-square value of the reading error were

obtained by determining the power spectra of the
differences between repeated readings of some of

the present records. The results obtained indicate

that the power spectrum of the reading error was
flat over most of the h'equency range with a root-

mean-square wdue of 0.003 inch of fihn deflection.

This result is in a_'eement with results obtained

in other investigations. There was some evidence

to suggest that the method of reading which in-

volved periodic adjustment of a reference level
introduces additional power to the spectrum of

reading error at the lower frequencies. The

magnitude of the additional error is difficult to

specify and appears to vary widely. Except for
this condition at the very low frequencies, the

effects of reading error can be estimated reasonably
well.

The estimated root-mean-square wducs of the

reading error for the various quantities are
summarized in tabh' IV and indicate that in

ahnost all cases the root-mean-square reading

error o-_.was less than 10 percent of tile true root-

mean-square value for the quantity. Inasmuch

as a root-mean-square reading error of l 0 percent

of the true root-mean-square value yields only a

one-half percent increase in the measured root-

mean-square value, tile effects of the reading error
on the root-mean-square wdues are negligible, as
can t:e seen from the resuhs of table IV. The

aml)lification A shown in this table of the true

root-mean-square value <r,_,, due to reading error
indicates that in almost every ease the error is

less than about 1 percent.

Although the reading error has a small effect on
the root-mean-square wllues, the ratio of the

power spectrum of the reading error to the power

spectrum of the uncontaminated slrains appears
to t)e sizeable at the higher frequencies for most
of the measurements. The associated reduction

in coherency may, therefore, be expected to be

large at the higher frequencies in many cases.
For the strain and acceleration measurements,

the effects of reading error appear to be negligible

ow'r the frequency region fl'om 0 to 2 cps. 3.t

higher fl'equencies, these errors become more
important because of the lower power lewqs for

the responses and the flat clmracter of the reading-

error spectrum. A reduction of about 5 percent

at 3 eps is estimated to arise from lhis source.

At higher frequencies, the reduction may be ex-

pected to increase rapidly.
The effects of reading errors on the gust velocity

also appear to be significant. The rapid decrease

with frequency in the spectra of both the gust

velocity 'rod tile vane angle-of-attack error "rod

the low sensitivity of the vane (}'_0 inch of film

d_,flection per degTee angle-of-attack <.hange) re-
sult in rehttively high wdues for lhe ratios of the

noise power to signal power at the higher frequen-

cies. For the vane angle-of-attack measurements,
this ratio is esthnated to increase slowly with

frequency to 0.1 at 2 cps but then it increases

rapidly to 0.20 at 3 cps and to higher values at.

frequencies above 3 cps. The values given in the
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TABLE IV. AMPI+KFICATION OF ROOT-MEAN-SQUARE VALUES DUE TO RECORD READING

ERRORS

29

_,Ieastlromtqlt

Bending strain ..........

Shear strain

Aceelerttl ion ...........

Station

54
54

252
252
414
414
572
572

54
54

252
252
414
414
572
572

Spar

Ctqder of gravity_ .............

Front ..............
Rear .........

Front _ _.
Rear ............
Front
Rear .... [
Front ............. ;

Rear __ _

Front
Rear .... 3. 3
Front .........
Rear .... 11.9
Front _ 3. 5
Rear__ _ 5. 6
Front 7. I

Rear _ _ 14. 5

2.6

100 +'_+ at -
rYtrue

(._

5,000 ft 35,000 ft

1.3 8.6
2.5 ,1.6
3.8 4.6
3.9 4.9
2.5 3.5
2. 5 3..I

tl. 7 11.8
9. 5 7. ,l

6.6 , _ _
11.3

7.1
9.=1
8.1
3.2
8.8

5.0

Percent amplification,
100A at--

(.)

5,000 ft 35,000 ft

O. 09 O. 37
0.03 0. 11
0.07 0. 11
0.08 0. 12
0. 03 0. 06
0. 03 0. 06
O. 68 O. 7(I
O. ,15 O. 27

0. 22
0. 05 -5.-@

-6.-+i- -6.-_?,-
0. 06 0. 4t
0. 15 0.33
O. 25 O. 05
I. O5 O. 39

0.03 O. 11

ae "2 , l _ 2

"o- ..... ,r .... [1-t-12 (o-.,,+) ] ........ (1 +A)where .1=+ to.;/:,.) •

preceding tabh, represent estimates of the com-

bined effects of the reading errors in the input and

ou[put measurements.

The airphme wing strain responses t,o side gusts

ant1 head-on gusts can normally be expected to be

small except ttt very low frequencies. (For iso-

tropic turbtflence, which approximales atmos-

pheric conditions, the strains froru these sources

can be expected to be incoherent with the strains

arising from verti<'al gtlsls.) For the side gust

ease, significant strain responses may be excited

in tire neighl)orhood of the Dutch roll mode of the

airplane which, in this ease, was centered at

about 0.16 eps. These effects can be expected to

be more pronounced at the outboard stations.

The airplane strain responses to head-on gusts arc

likewise generally small except possibly at fre-

quencies in the neighborhood of the airplane

phugoid oscillation. Rough estimates of the

magni'_ude of these responses were used with

equatiotl (63) to arrive at the estimates shown in

the foregoing table.

The effects of spanwise variations in the tur-

bttlenee on the strains arc difficult to evaluate

accurately. The crude amdysis <levcloped for

the spanwise effects is, however, believed to yMd

estimates of at least the order of magnitude of
these effects on the coherency between the ver-

tical gust velocity and the strain and acceleration

responses. The value in the tal)h' is based on the

results in figure 16 and equation (70). These

estimates shouhl apply best to the root strains
and center-of-gravity acceleration because of the

assumptions in their derivation. In addition, an

arbitrary wflue t+f 10 percent is given in the table

for the very low frequencies to account for the

eontributions to the strains arising from asym-
metries in the vertical turl>ulence.

The ('fleets of control ntotions were evaluated

by an examination of the records obtained with

the control-position reeor¢h,rs. In the overall,

the pilots made infrequent use of the control
surfaces during the gust tests. The control

motions were largely restricted to a few aileron

control movcmcnls, presuntat)ly to correct for

deviations in the airphme roll attitu<h,. Thcse

control motions were, in general, slowly applied
and are not believed lo affect the coherency

functions at frequencies above ,3'10 cps.
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In order to determine how well the foregoing
estimates approximate the actual conditions,

figure 17 shows a comparison of representative

eohereney functions ohiained dit'(,etly from the

test measurements with those given by the results

of tile foregoing tabh,. Figure 17 shows Ilia

measured coherency function between the gust

input and the outpuls of normal acceleration and
strains at two stations. For this comparison,

a smooth curve was used to approximate the

variations of the coherency function with fre-

quency given t)y the table. In general, the esti-

males derived appear to approximate the general
eharacter of the measure<l results with a. low

eohereney below 0.30 eps, a relatively ]figh coher-

ency level of 70 to 90 percent between 0.,3 eps and
2 eps, and a rapid reduction at the higher fre-

quencies. This consistency implies that the noise

structure in the measurements has been approxi-

mated reasonably well by the analysis. The
distortions inlrodueed in the frequency-response

functions by lifts noise structure are considered
next.

DISTORTION'S IN' I_.IEASURED FREQUENCY-RESPONSE
FUNCTIONS

The analysis of the contributions of the various

noise sources to the reduction in coherency pro-
vides a basis for estimating the bias or distortion

in the frequency response arising from these noise

sources. The analysis has indicated thai inco-

herent, noise sources in the output introduce no

significant distortions in the cross-spectral esti-

mates of the fl'equeney-response function. Thus,

it may be expected that effects of side gusls,
head-on gusts, and control motions do not signifi-

cantly affect the frequency-response functions

Coherency between vertical
Estimated Measured gust velocity and-

Center-of-gravity acceleration

Bending strain'l. .

Shear strain j rronT spar, Sta 54

0 5 I0 15 20 2.5 50
f, cps

FIc, t'a,'a 17.--Comparison of estimated coherency func-

lions between vertical gust velocity and airplane

responses with measured I'eStlIts.

obtained by the cross-spectrum method. This
conclusion is particularly applicable to frequencies

above 0..30 cps, where present concern is eenh,red,

and is perhaps subject to some question at lower

frequencies.

The remaining three sources of noise, instrumenl.

errors, reading errors, and spanwise gust variations,

<1o however affect llm input measuremenls and,
on the basis of the preceding analysis, may be

expected to int reduce distorlions in the eslimah.d

frequency-response fu,etions. The principal
source of insIrument error was associated with

the effects of vibrations of the boom on the angle-of-

attack measuremen{s. No quantitative measure

of the distortions due to this source eouhl be given

although il does not appear likely that these
vibrations yielded any appreciable error at fre-

quencies below 2 %x'h,s per second.

The reading errors in the gusl determination
and spanwise variations of turbtdenee appeal' to

give rise to significant distortions in the eslimaled

frequency-response funelions. Based on the

analysis of the reductions in the eohe,'eney

fu,('tion given iD the table, it is eslimaled l]l_l|

the amplitudes of the frequency-response turn'lions

el)lathed by the eross-speetral method are too

low by the percentages given in the following
|able for the |we sources:

Sollree

Reading errors ....
Sp,mwise g_lsl

variations .....

Tola] .....

Percentage error in amplitude
for frequeneie,_ of-

<:0.a

eps

0

0

-7

0.3 to 2.0 2.0to3.0

eps c W,

0 to l0 10to 20

51o 20 20 to 30

5 lo30 30 to 50

These values are crude estimates but are believed

to approximate the actual situation, at least for

f,'equencies between 0.3 and 2 vps. At frequencies

between 2 and 3 eps, the strain responses are,

in general, very low and thus the large under-

estimation is not too important. These estimates

of the distortion should be applied to the present
results (figs. 12 and 13) in order to nmke direct

quantitative comparisons wilh results obtained
in other studies. It is felt that these distortions

apply about equally well to the acceleration
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responses which are used as reference conditions;

tints, these distortions do not affect internal

comparisons aimed at establishing the magnitude

of the flexibility effects.
The distortion in estimates of the frequency-

response function obtained by the spectral method

may also be derived on tile basis of the preceding

analysis. These distortions, in general, would

appear to be larger for the spectrmn case, particu-
larly at low f,'equencies, inasmuch as tile distor-

tions arising fi'om side gusts, head-on gusts, and
control motions wouhl have to be considered in

greater detail. In addition, reading errors in the

output measurements will also give rise to distal

tion in the spectrum ease whereas in the cross-

spectrum case no distortion due to this source
occurs. The larger distortions and tile ditIieuhy

of estimating their magnitudes accuralely in flw

spectral method contribuh' to malting this

teelmiquc a less satisfactory one titan tim cross-

spectral technique.
The results of figure iI (b), in which the esti-

mates of tit(' frequency-response function ohlained

by tit(' two methods are adjusted for effects of the

spanwiso variations in t urtmhmce, sltow good

agTeement hetween frequencies of 0.30 cps to 2
eps. This good agTecment implies that tit(, span-
wise variations in turbulence are tit(, principal

sources of noise error in this frequency region.

The discrepancies at both lower and higher h'e-

queneies in figure ll(b) are atlrihuted to the
effects of lit(, lateral motions and pilot control

motions for the low frequencies and the effects of

reading errors arm instrument errors, parlieuhtrly

in the input, for the very high frequencies.

STATISTICAL SAMPLING ERROaS

In order to estimate the statistical reliability of

the measured frequency-response functions, tiw

measm'ed coherency functions and the charts in

figure 15 were used to derive 90-percent cotifidence
interwds for the frequency-response functions.

Figure 18 illustrates typical results obtained and
straws the eortfidence bands for the center-of- g'rav-

ity acceleration response and the bending-strain

response at the front spar at station 54. Examina-
tion of figure l S indi('ates that, except for the very

low and very high frequencies, the anlplitudes are
reliable to within about, _20 percent of the meas-

ured wdue. At the extreme frequencies (below

0.30 cps and ahove ahout 1.80 eps) the amplitudes

547126--60--5
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(:0 Cent,er-of-graviiy acceleration.

FI(_TRE 18. Statistic'd reliability of frequency-response

functions of center-of-gravity acceleration and bending

strain to vertical gust velocity.

are far less reliable because of the lower coherency

at tlwse frequencies and in some cases arc, ill fact,

so la,'ge as to suggest that reliable estimates
cannot be obtained in these frequency regions.

The phase angles also appear to be very relialfle
with the eonfidenee bands less than 4-10 ° about

the measured values for frequencies between about

0.30 and 2 cps. At the higher and lower frequen-

cies, the eonfidcnce bands for the phase angle are
also considerably increased because of the lower

coherency.
A further verification of the statistical relia-

bility of the present results is indicated by tile

consistency of the results obtained from the inde-

pendent estimates made from the two 2-minute

samples as illust rated by the results for the center-

of-gravity acceleration shown in figure 14.

COMMENTS ON RANDOM-PROCESS TECHNIQUES

OF FREQUENCY-RESPONSE DETERMINATION

A few comments appear to be warranted on the

random-process techniques as eniployed hi this

study for the determination of airplane frequency-
response functions. The results oblained in the



32 TECHNICAL REPORT R--70---NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

4

g

o

25o

2oo

150

I00

5O

o

-50

-Ioo

0 .5 IO 1.5 20 P_5

4 cps

(b) Bending strain, front spar, station 51.

t ] ',J
i¢ i "¢,.. ,/_ \;///1 I ,x i

I
/ _ t'l

i  :/.ATiLA',A-- H
--- 90p_,_er,_f_.. bo%y! \ 4, 11 i _

i l/h' it.,ll t IV_
! .IZ / ,'J',ll+ ?hi/

I ! /Izl.i " ill I_ tVlj
il." _- - .ill ti_ I [4

; ,W : !t l;.,',_li
-----'-- /Z f T, _ _\I I _,!'--i

/// i _, I; !
"!tt l I f ', + i

.-X" J "l J
//q L I J

7 i
J Phase ongle _ J I

' ] l ...... ] i {b)l
3.0

FIc, URE 18. Conchided.

present study indicate lind reasonably relialile

frequency-response functions for airplane re-

sponses to rough air may be obtained from fuI1-

_eale flight tests in eonlinuous lurtmlcnce. Two

methods were employed for lhis purpo,_e the

spech'al nlethod and tlie cross-speelral meihod.

The cross-spectral niethod definilely appears 1o be

preferabh,, inasmuch as tile results obtained with
this method are affected h'ss by extl'aneou._ dis-

itn'bliilces, parl icuhuqy disturbances ,lffecting t,he

oulput measurements. These aim of parlicuhu'

significance for alinospherie turbulence prot)h,ms

inasmuch as tile lateral and longitudinal compo-
nenls of turbuh,nee are ahvays presellt. ]I1 lld-

dition, only the cross-spectral nwthod provides
ptmse informalion.

Tlic analysis indicates dial great care is required

in the application of random-process techniques

in frequency-response determinations and in the

interpretatiou of the resulls. Extraneous noises

may seriously affect tile reliability of the results

by introducing distortions and by limiting the

slatislieal reliability of the results. In the present

investigation, the significant noise sources were

reading errors, extraneous gust components, span-

wise variations in lurbulenee, and pilot eontrot

motions. For the lower frequencies, which were

of particular concern in the present investigation,

these noises did not give rise to serious distortions.
In addition, it appears possible to estimate the

magnitude of the distortions and to correct for

them by using liie methods developed herein.

For the higher frequencies, the effects of these

noises were more serious and, in fact, did not per-

mit reliable results to be obtained. Fortunately,

the higher frequencies were of only minor concern
in the present study.

Improvemenls in the reliability of the results

can be obtained by a number of precautions.

These inchide improvements in instrumentation,

particularly in regard to increased sensilivily and

,adequate frequency response. Efforts Io obtain
more intense h.,vels of gust input dislurbanee will

also be beneficial. Tlle statislical sampling errors

do not appear to be too serious a difficulty. Ill

the present, investigation, _amples of 2-minute

duration h,ad Io siatistical or sampling uncerlain[y

of about 10 to 20 percent for the lower frequencies.

The maguilude of these uneertainlies can, of
course, be reduced by either longer sampling du-

ralions, achievement of higher eollereneies, or by

averaging estimates over a wi(ler fl'cqueney balld,

The l'csulis ot)lniued in (he prestinl irivesligiltion

suggest lllal tiic use of random disturbance inpuls

:may also prove to be practical in experin_onlal

frequency-response deiernlinalions for responses

to other typos of dislurbanees lhan gusl, dislurtl-
a.ncos; for examllle, conlrol Sllrfaoo molions and

acoustic dislurllanees. The use of random inputs

for these pnrposes can provide sul)stantial redue-

lion in lcstilig lime when compared with ('onven-

lional lecllniques involxqng sinusoidal ilipuls. As
compared with discrete pulse teclmiques which

are frequently used for this purpose, the random-

input lcchniques appear to provide equivaleiit

levels of accuracy. In addition, they may offer

a number of practic/ll a<lvanhtges. These include

the abiliiy to control the effects of extraneous

disturbances and a more realistic represenialion
of the character of actual disturbance fiinctions

met in practice.
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CONCLUDING REMARKS

The foregoing analysis of the sh'ain responses

of a large swept-wing airplane in rough air has
indicated that the wing-bending and shear-strain

responses at. the various stations are amplified by

rather large amounts because of tile dynamic

responses of the structure. The amount of ampli-

fication in the bending strains was about 10 to 20

percent at the root. stations but increased to

values in excess of 100 percent in some cases at
the midspan slations. The shear slrains showed

a similar paltern across the airplane span but also
indicate larger varialions between the front and

rear spar stations. The large variations in strain

responses across the airplane span indicate that,

the strain dislributions in gusts are very different.

under rough-air loading conditions tltal| under t]m

usual maneuver loadings and warrant detailed

and separale consideration in design. In general,

the pl'edominant source of strain nmplifieatio|,
was associated with the excitation of tile fumla-

mental wing-bending mode. IIowevcr, at the

outboard stations arm particularly in lit(, case of

the shear strains, significant contriln|tions to the

strains arise from ihe higher s3mmlelrical and

antisymmet,'ical vibration modes. Thus, the

effects of these higher modes on the strains may

also have to be considered in stress calculations,

depending upon the degree of a ecurrwy required.

A detailed analysis of the reliability of fre-

quency-response function estimates obtained by
random-process techniques, particularly as affected

1)5" extraneous noise, was given. The effects of

such noises in giving rise to systematic errors or

distortions and random sampling errors were ex-

plored and results of general applicability ob-

tained. These results were also applied to the
present test data in order to establish their relia-

bility and to derive adjustments for the distof
lions. The imporlant resuh obtained is the indi-

cation that with appropriate precautions flight

tests in rough air of a few minutes duration may

be used 1o obtain reliat)Ic cslimaies of airplane

frequency-response functions.
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